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Abstract

Traditional risk parity maximizes risk diversification in a portfolio, an extremely desirable characteristic which
has been explored extensively. However, algorithms for risk parity are return agnostic, i.e., the risk measure to
measure risk in a portfolio is chosen to be portfolio volatility for mathematical and computational convenience.
Efforts in portfolio optimization literature have been made to incorporate expected returns into risk parity, but
due to the complex nature of the problem, these efforts do not provide guarantees on how much risk is diversified
in a portfolio. Moreover, efforts in this direction provide relaxations to return based risk parity as an optimization
problem which can show arbitrarily bad risk diversification. In this paper, we provide algorithms that find portfolios
that are closest, in some mathematical sense, to a risk parity portfolio along with a return target. This enables us
to overcome the return-agnostic nature of risk parity while finding portfolios with good risk diversification.

Keywords: risk parity; risk budgeting; portfolio selection; convex optimization for portfolio selection; convex
framework for return-based risk parity; risk diversification; guarantees on risk spread

1 Problem Introduction

We denote by a risk measure R(z) : R® — R to be a positive homogeneous function of degree one in portfolio weights
as in [I] and [2]. Examples of positively homogeneous risk measures include portfolio volatility, value-at-risk (VaR)
and any other coherent risk measures such as conditional value-at-risk (CVaR) [I]. Equal Risk Contribution (ERC),
which was first coined by [9], [8] and then extensively studied by [19] and [I5]. ERC aims to find a portfolio = that
assigns equal risk share RC;(z) to all assets being traded, indexed by set [n]. We define our risk measure for a given
covariance matrix 3 to be volatility, that is,

R(z) =VzT Xz

and define risk contribution of asset i € [n] = {1,2,...,n}, RC;(z) by,

VT A
RC:(x) = s OR(x) _OVz Exxi _ (3x); .

Moreover, we have a Euler decomposition for a risk measure [14], [23] defined as above, that is, for a homogeneous
function f(z) of degree k, we have that,

kf(@) = V()"
implying the following decomposition of our risk measure,
R(z) =Y RCi(x)
i=1

Therefore, we define the set of risk parity or equal risk contribution (ERC) portfolios (without short selling) Sgre by

Sere = {2 : RC;(x) = RC;(x) Vi,j€[n], x>0, 17z = 1}

The performance of these portfolios [19], [24] and their volatility [6] has been studied extensively and provide a
great balance between diversification in allocation and risk (JI9], [18],[22]). Significant work has been put into relaxing
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the risk parity condition and budgeting the risks from each asset in portfolios called risk budgeting (RB) portfolios [4],
[14], [13], [3].Although risk diversification is a desirable property, if we choose our risk measure as portfolio volatility
defined above, our allocation turns out to be return-agnostic. Work has been done in designing (RB) portfolios
with Markowitz risk measure ([I2]) that takes expected returns into account ([14], [2I]), however the problem is either
solvable only under certain conditions or non-convex and hard to solve numerically, unlike risk parity portfolios [I0]. In
this paper, we present an alternative approach wherein we diversify risk with a return target as hinted in the heuristic
approach of [I1] and formalize it with theoretical guarantees. We adopt the principle of diversifying risk contributions
to improve returns ([7],[16]) by satisfying approximate risk parity whilst providing bounds on how much the risk is
diversified and taking returns into account. To this end, consider the following hypothetical example. We have two
assets: one risk-free asset with an expected return of ¢ and variance o, and one risky asset with an expected return

of rp and variance o2. For simplicity, assume that the two assets are uncorrelated. The covariance matrix is thus

given by
2
_|of 0
=7 4

where we assume o1 < o2 and that rr > 2ry. An ERC portfolio yields

RC1(x) = 230} = r505 = RCa()
which gives the allocations

02 01
Ty = —F—> T2= _——
01+ 02 01+ 02
Clearly, we have x; > x>. However, if a manager requires an expected return of at least 2r¢, this would not be
achievable through our portfolio. To overcome this effect, we aim to design portfolios that have a return target and
are risk diversified (i.e. total risk distributed among RC;(x) as evenly as possible) as per certain spread metrics, O.

These spread metrics measure the risk diversification in our algorithms and are designed such that

- Can be optimized to diversify risks, we provide details of their analytical forms in the next sections

- Give risk parity portfolio x,, with return R, for return targets less than R,

Formalizing this notion, we have the following definition of a spread metric © : A — R, that we use to measure
diversification in our portfolio,

Definition (Risk Spread Measure): Letr.: A — R" be a function defined as,
re(z) = (RC1(z), ..., RCx(x))

A risk spread measure © is a composition, 0 or. : A — R that is a continuous function on the domain:
X = {aj‘ RC,(x) >0, Vj}

s.t. risk parity portfolio is a unique solution to the problem.

min  O(z)

zePr
Here, 6(x) is our diversification function

Our domain X helps in the analysis of the algorithms that we describe in the later sections. Some examples of
0 that construct a valid spread metric are max; ﬁ, max; ; :—J, max; ; |z; — x|, > (@i —xy)P, for even p.
We call 8 our diversification function. These functions help us formalize the notion of diversification, as all of the
above functions become larger when risks are 'unevenly’ distributed. In other words, argmin,, 6(z) is given by the set,
0= {x € R”’ ;= x4, Vi, j} They give us a framework under which we can evenly distribute risk and think about
risk diversification. For instance, when 6(z) = max; 2%11%’ we demand the maximum risk in our portfolio to be
minimized w.r.t the total risk, causing the maximum risk to lie as close as possible to the average risk in the portfolio,
which can be one way to define diversification. When © = 6 o 7, is minimized subject to x € PP, it is easily seen
that,

O(z) > %, with equality <= z =z,

2, we get a spread

Thus justifying the fact that © is a valid spread metric. Defining as in [I9], 0(z) = >, ;(2; — z;)
measure © that gives risk parity portfolio when minimized subject to x € PE?. Moreover if we demand return greater
than R, this spread metric helps us find a risk diversified portfolio that does so. The fact that it is a spread measure

follows simply from the uniqueness and existence of the risk parity portfolio,



O(z) >0, with equality <= RC;(z) =RC;(z) Vi,j

The uniqueness of the risk parity portfolios explains why the other 6(x) we provided above construct valid risk
spreads. In [20] we saw a risk spread measure, © where 6(x) = max; ; {z; — z;},

O(x) = max {RCi(x) — RC;(x)}
i,
While being a risk spread measure, the above quantity is bounded,
min {O,min Ei,j} < (Zx)iz; < max ¥, ;
1,7 2,7

max; ; Em — min {0, minm 227]}
VrTlx

< max; ; Ei,j — min {0, minm- Ei,j}

= P

=0<

Here, V* is optimal value of the minimum volatility problem,

min Va'Xz
xT
n
s.t. Zzi =1

i=1

Note that since we assumed ¥ > 0, the optimal value V* = V2*TXz* > 0. The optimal value can be trivially
computed. First order optimality conditions imply for lagrange multiplier y corresponding to > ., z; =1,

z=pl"te
= le =pe'yle=1
i=1

S U= ——

=V = \/,ueT(E*E)u

We can construct instances where this bound is tight. We define tightness as: 3% under which an optimal algorithm
A achieves Ve € R,

max; ; %; ; — min {0, min; ; 3; ; } B

o> V- €
Simply meaning for certain instances of ¥ we cannot bound the risk spread better than 22%5d i _m‘iﬁ{o’mini’j i}
. . 1 1-9 . .
To show this, consider ¥/ = L s 1 } =0, and r = (r1,72), 7o > r1. If algorithm A has to find a portfolio

x,1y) that maximizes return subject to y < 0. It is easily seen that (z,y) = (1 —9,0), its risk spread in the limit 0 —
h imi bj 0. Tt i il h 1—4,6), its risk d in the limit § — 0
is given by,

(1-6)2—(1-08)20-482 |

VI =683 +6(1—06)2+42

lim © = lim
d—0 6—0

Now, V* is the optimal value of the problem,

min (x +y)? — 20zy
x
st. x4+y=1
which is clearly equivalent to the problem with the objective squared,

min 1 —26z(1 —x)

z,y

st. zeR



Hence, the minimum occurs at z = %, therefore V* = /1 — g. Now for our bound on O,

.. / — ] 3 .. /
lim max; j Zw- min {O, min;_; Zi’j}

= lim <1> =
5—0 V* 5—0 1-6/2

Hence,

.. / — 3 ] .. /
max;,j 2 ; — min {0, min; ; Zi,j} _

li =1
61—%@ 51—% p*

While the above example is obscure, it only serves to prove the tightness of our naive bound. While the paper
bounds the above spread much better than this naive bound to achieve near optimal risk budgeting for higher target
returns, no effort is made to optimize this quantity directly. In this paper, we choose appropriate risk spread metrics
and aim to minimize them to achieve risk diversified portfolios for higher target returns. In other words, we aim to
solve the optimization problem,

i )
2B O

where,

PR:{x: r'e>R, 1'z=1, xZO}

Another example of such a spread metric as mentioned before is the risk ratio in our portfolio, where we set
0(x) = max,; ; &

Jzy
RC;(x)
OF = max ———~
i RC;(x)
It can be easily seen risk ratio is a spread metric. This is because
OFf = max ——"~2 >1
ij RCj(x) ~

with equality for risk parity. Moreover, at equality we have risk parity as the contributions are all equal, and the
uniqueness of the minimum follows from the uniqueness of risk parity. Connecting this to our example above, instead
of risk parity if we solve the following optimization problem that minimizes risk ratio,

rrlfﬁinn}g){%, i€l2], je[2]
st. r'x > 2ry
1Tz=1
x>0

We can now rewrite this problem, using our expressions for risk contributions as,

0iZ;

min max i€[2], jel2

v ug o ojE
st. r'z > 2ry
17z=1
x>0

We now get a portfolio that tries to squeeze the risk contributions, to make the risk ratio as small as possible,
hence diversifying our risk contributions. The above problem is equivalent to

. t
min —
x U
st. t>ox; Vi€ |2
’U,SO’jl’j ,V]E[?]
r'a > 2ry
1Tz=1
x>0



Connecting this to our example above, instead of risk parity if we solve the following optimization problem that
minimizes risk ratio:

. 0%
minmax ——,
x 2,7 O'JZ‘]
st. rlz> 2ry,
17z = 1,
x>0

i€2], jel2

This can be rewritten equivalently by introducing auxiliary variables ¢ and u, which serve as upper and lower
bounds for o;x; and o;x;, respectively. This leads to the reformulated problem:

in
x,t,u

g |+

st t>oxy, Vie[2],
u<ojz;, Vje[2],
u >0,
rlz>2r 1
17z = 1,
x> 0.
The equivalence follows from the fact that minimizing the worst-case ratio max; ;(o;x;/0o;x;) is equivalent to

minimizing ¢/u while ensuring that ¢ and u properly bound the respective terms. Now ,if we consider the following
change of variables,

t
- =y, — z, a%v
and,
Y 1
- =z, ==t ——u
v v v

We get the following equivalent linear program,

st. y>oiz ,Vie|[2]
1<o0jz; ,Yj€(2]
rlz > 2ryv
1Tz=v

z>0

Here our spread metric was, ©(x) = max; ; ;’%gjg; with the optimal solution being z* = 7’3— Here it is easily seen

that, if our return target is less than or equal to the return of risk parity, mingecpr. ©(x) = 1 with optimal z = z*.
For a larger target, our spread metric tries to squeeze the ratio between the maximum and the minimum risk, which
is one way to achieve diversification. More so we can generalize this to more than two assets, giving us a solution for
optimal risk budgeting involving target returns (ORBIT), in the uncorrelated case. This is done by the following linear
program-

st. y>oiz; Vi€ |[n]
1<o0,z; ,Vj€|n]
rlz > 2rpv
1'z=w

z>0

We now do the same for the following for another spread metric, least invested risk ratio, ©F defined by,



0% (z) = —min M

! S RCi()

This spread metric tries to push the least invested risk as high as possible to encourage risk diversification. It
easily follows that this is a spread metric. Using the same problem data as above, i.e. diagonal X, r and target R, we
can maximize the negative of ©F. The optimization problem is given by,

_ o2
st. r'z > 2ry
172 =1
x>0

Using the same trick as we used above, this is equivalent to,

Now if we consider the following change of variables,

T 1
- =z, ——w

IS

and,
z 1
sz, - —u
v v
we get the following equivalent QP for maximizing least invested risk,

min z' Yz
z

st. 1<0;%
rlz > 2ryv
17z2=v
z>0

The following sections tries to solve risk diversification problem with two spread metrics, i.e. least invested risk
RC, (x) RC;i(z)

ratio ©F(z) = — min; W and worst case risk ratio ©%(z) = max; RC; (@) We call the former algorithm
LIRA and the latter ORBIT. We already saw that there is an efficient way (polynomial time) of solving ORBIT in the
uncorrelated case. In the following sections we highlight the complexities of the general cases and provide exact and
approximation algorithms (with bounds depending only on problem data i.e. ¥ and target return) for solving these
problems. Next we provide definitions that we will used repeatedly in the defining our algorithms and the proof of
their performance guarantees.

2 Definitions

We introduce the following key definitions used throughout this paper:

- Risk Measure:

R(z) =VaT Xz

where R(x) represents the risk measure applied to the portfolio weights x.



- Risk Contribution:

OR(z)
RCi(x) = x;
ilw) =@ Ox
which defines the risk contribution of the ith asset in a portfolio weighted by x, consistent with the risk parity

framework.
- Return-Constrained Portfolio Set Pg:
Pr = {x’rTxZR, lszl, :EZO}

representing the set of portfolio allocations that satisfy a minimum return requirement while ensuring full allo-
cation and non-negativity constraints.

- Attainable Return-Risk Set R"™7:
R = {R ‘ 3z > 0 such that Tz > R}

characterizing the set of attainable returns R that can be achieved while satisfying the given risk constraints.

- Risk Spread Metric O:
A risk spread measure © : A — R is a continuous function on the domain:

X = {m‘ RC;(x) > 0, Vj}
s.t. risk parity parity portfolio is a unique solution to the problem

min  O(z)

zcPEp

3 Algorithms for Optimal Risk Budgeting Involving Targets (ORBIT)

We now provide algorithms for performing diversified risk budgeting with target returns. In the algorithms we provide,
we do not allow short selling, i.e., x > 0. This helps facilitate the construction of efficient algorithms to find desired
portfolios.

3.1 Least Invested Risk Amplifier-LIRA

Our first algorithm, LIRA aims to maximize the following quantity,

max min
zePh J

Least Investment Risk Ratio, oL

The quantity represents the proportion of risk contributed by the least risky asset, maximizing this quantity
represents diversifying our risk contributions. The problem can be rewritten as

.z (),
max min ————"-
zePR j  x'Xx

Our numerator is a quadratic form 2 ")z, where

P k=g, 1#£id
s _ Z;’l =i, k+#i
kil Ei,i i=k=1
0 0.W.

We show that this symmetric matrix has a negative eigenvalue, making our problem potentially complicated.
However, we have the following theorem,

Theorem 2. (LIRA) There exists an efficient algorithm A that finds x* solving max,cpr min; chj(m)

—mi—t——— for risk
-:lRCi (I)
measure R(z) = Va T3z



Here (and in subsequent algorithms), we define an efficient algorithm as the existence of a convex program
whose solution provides us with the desired portfolio. Using the result of Theorem 1, we have the following algorithm:

Algorithm 1 LIRA
Input: ¥ > 0 and return target R

1. Solve the convex problem

min 2z
s.t. Zj < Zj + (Zz)j
(E2);
rz=w

1"z2=w

2

and obtain optimal solution (z*, w*)

.
return z* = =

We now have the following corollary:

Corollary 3. Let rgpe be return of an ERC portfolio, with 2. If R < rgge, and x* is an optimal solution for LIRA, then
x* = x,, where x, is an ERC portfolio given 3.

This shows that if our return target is less than or equal to the return of an ERC portfolio, LIRA returns an ERC

portfolio. For greater return targets, LIRA will push min; ZRC”'(W)

) a5 close to L as possible.
7:17261(93) n

3.2 Overcoming the Pitfalls of LIRA: ORBIT

While LIRA provides a way to diversify our risks with a return target, it only focuses on the least risk in our port-
folio, which can make the larger risks potentially concentrated. As a motivation, we plot max; Z:"L']écw)(x) and
=1 2

min; % for LIRA with increasing target returns and the new algorithm we introduce in this section e-ORBIT
i=1 i(w)

in Figure [2| (here, n = 6)
As we can see, LIRA is not able to control max; Z’L’Tég)(m) as the risk appetite increases. To fix this, we must
=1 2

incorporate the maximum risk in our portfolio into the spread metric. To this extent, define the ORBIT problem as,

. RC;(x)
min max ———
2,]

eph RC,(z)
Total Risk Spread Ratio, OF

Substituting expressions for risk contributions, we get the following optimization problem,

. x;(3x); . 20y
min max ———— = min max

—— ORBIT
zePR iy zj(Xw); wePR ij z! XUz ( )

As discussed above, our objective is challenging due to the non-convex nature of the quadratic forms. To address
this, we seek approximations to
. : i (3x)i
¥ € argmin max ————
zePR UJ xj(Zx)j
Specifically, we derive a constant-factor approximation for ORBIT by constructing an efficient algorithm— a second-
order conic program (SOCP)—to find z, such that
max ——— < (X, R) [l max ———= |, a>1
ij RCj(ws) ~ (5 8) ij RCj(z*) -
where x* is an optimal solution to ORBIT. Next, we bound the value of « in terms of the covariance matrix, ¥ and
our return target, R. We then test the magnitude of «(3, R) on real world and simulated data. Before we move onto
specifying our algorithm, we mention two things that motivate our work. Firstly,

max RCz(a:)

>1, V R
RO, @) = TEET

oo
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Figure 1: Risk Contributions for high and moderate risk (left and right) appetite for LIRA and e-ORBIT respectively (top and
bottom).
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Figure 2: Spread of Risks for LIRA and e-ORBIT with increasing targets, here risk appetite is v, defined by R = ymax; r; + (1 —
~) min; r;
And moreover,
max ———~ =1, VR<r
i RCj(z) - e
This means that if we have a return target less than rgge it is optimal (w.r.t. Total Risk Spread Ratio), to pick

RC;(z) -
RC;(z) I the

Zgre. S0 not only do we provide an approximation algorithm to ORBIT, we also provide bounds to max; ;



regime, R < rgge

3.2.1 Constant Factor Approximation to ORBIT: ¢-ORBIT

As previously motivated, we now develop an approximation algorithm for ORBIT. The following theorem formalizes

our result:

Theorem 4. let x, be an optimal solution to e-0RBIT with objective value O, x* be an optimal solution to ORBIT

with objective value ©*. Moreover, assume that,

Tz <E [xTas} , x~Dir(l,...,1)

Then z, is a { 1+ ZZ%Z — i ZZ:} approximation to ORBIT, i.e.
v k i

O(z,) < a(3, R)O(z™)

a(S,R) = {1+ \/ﬁ—zm > =i
k i.j

where,

Where €-0RBIT is our approximation algorithm to ORBIT. Moreover, e-ORBIT is an efficient algorithm and is an
SOCP that can be solved easily by modern optimizers. Our algorithm corresponding to this bound is given by,

Algorithm 2 ¢-0ORBIT

Input: ¥ > 0 and return target R

ZkEiyime

1. Compute A = —max; 5

2. Solve the Second Order Conic Program (SOCP)

min y
v
s.t. Zj <z + (2z),
(EZ)J 2

2

and obtain optimal solution (z*, w*, y*,v*)

*

z

return xz* = =

Corollary 5. (Prozimity of e-ORBIT to risk parity) If R < rgpe, x* be an optimal solution to e-ORBIT and xz, be a

risk parity solution and v chosen such that x, feasible for e-ORBIT, then

* . T
maxm—lg)q(n Tp Tp 1)

i o (Xrr); z) Yy Y

This corollary is very important as we don’t have a reduction corollary to risk parity, unlike the one in LIRA. We

now present a corollary that shows the proximity of e-ORBIT to risk parity.

10



Discussing our bound «(%, R)

In this section we make efforts to improve our bound «(X, R) and to provide its behavior in the case of weakly
correlated assets. From the proof of theorem 1, it will easily follow that,

max; ZZ%1 — Ei,i
Z R < 1 + k IL'*TI‘*
(%, R) < 2 max; x} (Xx*);
max; ZZ%J — Zi,i
< 1+ k [L'*T$*
- 2 min max z;(Xx);
zePR i
P

Where z* is optimal solution to ORBIT. We will see in the proof of theorem 1 that the above bound is a lot
better than the bound for « stated in theorem 1. To compute this bound however, we need to be able to solve the
following problem P

min max x;(Xx);
zePE 1

The above problem is not convex at first sight, however we can find a lower bound by solving the following problem,

min 7y
st. oy > H(Z(i)—)\I)%IHQ
r'z=R

1"R=1 (P)
The problem P’ gives us a solution z, whose properties are described in the following lemma,

Lemma 6. Let x be an optimal solution to above problem P’, let x* be an optimal solution P.
Define € = A||x — x*||2, then we have that

min max x;(3z); < min maxx; (Xz*); + €
cePR i z*ePR i

That is, the optimality gap is given by e.

Now if € is small enough, it is seen that the revised bound is much better than the bounds stated in theorem 1.
Moreover, we highlight the effectiveness of our bound on real world data, and provide monte carlo simulations of our
unsimplified bound on the simplex where portfolios are drawn from in the appendix A.1. This will be discussed in the
proofs section. Now, we analyze the behavior of our bound when our assets are weakly correlated, i.e., the off-diagonal
terms on the covariance matrix have lower magnitude. It is easily noticed that our bound for e- ORBIT gets better as
the covariances go to zero. This is because

max Dosz-sp = D s, -s
k k

< X1+ ZEEJ X5
kAT

UV lal+[bl<A/lal+4/10]

< max

< \/7’77/ max |Eij|
VT

11



Tightness in the diagonal case is expected as we saw in our preliminary example in the introduction- ORBIT reduces
to a linear programming (LP) in the uncorrelated case. Approximate reduction is also seen around a neighborhood of
small correlation values. More formally, we have the following corollary:

Corollary 7. Let V be diagonal matriz of volatilities of ¥ and define ¥ to be

Ey=9V+(1-7)E
Then we have that,
Wl;ni a2y, R)=1
Moreover, 3y such that, Vy > v/,
(1-—7K
YR<O(1+ ——————
R <01+ g1
for K, L, M that depend on . This also characterizes the rate at which (X, R) goes to 1.

The above corollary formalizes the fact that as the strength of the correlations go to zero, our bound on e- ORBIT
becomes tighter. We will use real world data to test the effectiveness of e-ORBIT for return targets more than that of
risk parity. Another thing to note is that our bound on « is so for independent on R, the return target. As we will
see in the proof of the above theorem, our bound can slightly be modified,

N max; ZZ%}Z — Ei,i
\/ k
al3,R) =<1+
21+hR>

where h(R) is a monotonic increasing function in R. So far we give algorithms for risk diversification while fixing
portfolio volatility to be our risk measure.

3.2.2 CVaR Budgeting Involving Targets (CVaR-BIT)

We now move onto considering a different risk measure, conditional value at risk- CVaR. We provide our next algorithm
for risk diversification using this risk measure- CVaR budgeting involving targets, CVaR-BIT. Let Fi.(z) = P(r < 2),

denote the cumulative distribution function of portfolio return ». We define value at risk and conditional value at risk
at level a to be:

VaR, = min{z : F;.(z) > a}

and

CVaR,, = E[r|r > VaR,]
Now assuming normal returns, i.e., 7 ~ N (X, ), from [I7] we have that,
q)fl
CVaR,(z) = M\/ T —r'x
-«
The risk contributions for CVaR are given by:

_ 0CVaR(z)

CVaR )

which implies

CVaR/, N\ _ . P2~ (a)) i(Xx);
Rci (l‘) = —li%; + 1—o \/m

We now define our risk spread metric:

min; RCYVR ()

@CVaR(gj) - CVaR(z)

CVaR(z)

Mwwmmmw

12



and our problem CVaR budgeting involving risks CVaR-BIT,

: ! i(Bx)q
min; RCVAR (z) min; {—uixi + 22 (@) —x,—iT;)x}
max ————-——*> = max
zephy  CVaR(z) PR CVaR(z)

Here, we use the set P®7 for analytical tractability. Moreover, it helps us bound our portfolio volatility as it is no
longer our risk measure. To motivate our results, let’s try to diversify contributions of CVaR using LIRA, e-ORBIT and
our new algorithm that we obtain in this section.

cVaR Risk Contributions for LIRA cVaR Risk Contributions for LIRA

Risk

3 0 2 4 6 8
Assets Assets

cVaR Risk Contributions for ORBIT cVaR Risk Contributions for ORBIT

Risk
Risk

4 0 2 4 6 8
Assets Assets

cVaR Risk Contributions for cVaR-ORBIT cVaR Risk Contributions for cVaR-ORBIT

0.10

0.08

Risk

0.06

o 2 4 6 8 ’ 0 2 4 6 8
Assets Assets

Figure 3: CVaR Risk Contributions for LIRA(Top), ORBIT(Middle) and CVaR-ORBIT(Bottom) for low(left) and high(right) risk
appetites, v = 0.2, 0.8 respectively

It is clearly seen that while LIRA and e-ORBIT worked well on volatility as a risk measure, CVaR risk measure
diversification seemed to not be this effective. However, the algorithm that we introduce in this section seems to have
superior performance in diversifying CVaR. In this vein, we now have the following theorem,

Theorem 8. Assume that,

(1 — a)max; 7, Zi’j Z:’Jl
O 2 )

and that,
maxr; E E:Jl < wg
J
i’j
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where OF and x1, are spread metric and solution to LIRA. Moreover, assume r > 0. Then there exists an efficient
algorithm that finds x.,

@CVaR(x*) > €®CVaR(x*)

o <w¢T> (1 SR*> OV ()

CVaR(x.)

Where SR* is the optimal value of the Sharpe ratio* problem,

TT.’E

max

z€PR \/2TY

Here, * is optimal solution to CVaR-LIRA. The algorithm to find such an z, is given by:

Algorithm 3 ¢-CVaR-BIT
Input: ¥ > 0 and return target R

22— Si
1. Compute A_ = —max; {W}

2. For a long enough horizon, H, choose R; = (r — emin; jex rt);
3. Solve the convex problem

minz' Yz
4
(I)fl
st o < 9 () (X2); —r; DER )
11—« 2
U
<j < zj + (E2);
(EZ)] 2
r’z > Rw
e'z=

and obtain optimal solution z*

return z*

It has been shown in the literature that it is better to consider a heavy-tailed distribution for analyses involving
CVaR because

- Returns are not normally distributed in practice

- Effects of CVaR are seen more predominantly with heavy tailed distributions
Previous works suggest using the t-distribution, where CVaR is given by
H(@ Y)WV TSz —r'a.

Our method can be directly applied to this expression as well. We now give a summary of our algorithms, what risk
measure they use and under what framework do they diversify risks (#) in the following table,

Table 1: Risk Distribution for 1/n and MVO

Algorithm Risk Measure | Diversification Measure 6
LIRA Volatility — min; ﬁ
j=1%i
e-ORBIT Volatility max; ; ;—J‘
CVaR-LIRA cVaR — min; Z%ZNJJ

14



4 Simulations and Numerical Experiments

4.1 Experiments for Comparison with Risk Parity and Evolution of Spread with ~

Here, we increase our risk appetite v defined as,

R=yminr; + (1 - 7) maxr;
J J

and show the changes in our risk distribution for e- ORBIT and LIRA. Here we use simulated geometric brownian

motion.

Risk Contributions for LIRA

Assets

Risk Contributions for LIRA

Assets

Risk Contributions for LIRA

Risk

0 2 4 6 8
Assets

Figure 4: Evolution of risk contributions with increasing values of ~ (increasing left to right top to bottom, ~

0.45,0.48,0.51,0.54,0.57,0.6) for LIRA
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Risk Contributions for ORBIT Risk Contributions for ORBIT
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0.050
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2
Assets Assets

Risk Contributions for ORBIT Risk Contributions for ORBIT

2 4 6 8 0 2 4 6 8
Assets Assets

Figure 5: Evolution of risk contributions with increasing values of v (increasing left to right top to bottom, v =
0.45,0.48,0.51,0.54,0.57,0.6) for eeORBIT

4.2 Evolution of Risk Contributions and Spread Metrics over Risk Appetite: Our
Algorithms and Benchmarks

In this section, we provide evolution of our risk spread metrics for LIRA and e-ORBIT over risk appetite/ We compute

these quantities over simulated geometric Brownian motion with fixed drift and volatility. The benchmarks we consider

over our algorithms are, 1/n, MVO with return lower bound R and conic program as given by model A in [IT]. Since
1/n cannot achieve all possible returns, i.e.

Rijpm=> m

i=1
and MVO suffers from portfolio concentration, i.e. for high values of R it is actually desirable for the algorithm to
take some S C [n] s.t

=0, Vies§

causing our risk ratio to blow up, we do not plot these in the figures below. Plots for these two benchmarks can
be found in the Appendix.
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We cannot really plot MVO and 1/n portfolios on these graphs, due to problems discussed in Table 1. We also
provide some statistics for these algorithms.

Table 2: Risk Distribution for 1/n and MVO

Algorithm

Limitations

Description

1/n

Return agnostic, cannot achieve a return higher than

2T

n

Risk Ratio © for

the three simulations= 4.12, 3.14, 2.78

MVO

Risk Ratio blows to infinity due to portfolio concentration

v, for the

three simulations= 0.73, 0.82, 0.71
(This is the risk appetite for which
the risk ratio blows up)
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4.3 Effectiveness of our Bounds on Real World Data

We have already discussed conditions under which our bounds for e-ORBIT provide a good approximation to ORBIT.
We now test the effectiveness of our bounds on real-world data. We consider stocks in the S&P 500, and consider four
1-year windows to test the effectiveness of our bounds. We also provide a table that reports the average value of our

bounds.
Monte Carlo Simulations, Rayleigh Quotient Interpretation

1754 —-- RSRC Objective ' 1759 —-- RSRC Objective !
Bounds for RSRC I Bounds for RSRC |
150 / 150 4 /
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| I
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Figure 7: Evolution of ©(z) = max; ; % over an S&P 500 portfolio along with proven bounds
J

4.4 Performance on S&P 500 and Mutual Funds

We now demonstrate portfolio performance on real world S&P 500 data of our algorithms. We fix our asset data and
sequentially increase our risk appetite across the following algorithms- LIRA, e-ORBIT,CVaR-LIRA, MVO, 1/n.
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Table 3: Average value of ¢ 1+

e, (/5,5 ) 8

2

.
and || (n Tpp

£
T, Szp
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Average value of our bound on
Algorithm | Number of Cycles Implemented | Average value of our bound 0f(z) -1
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Figure 8: Evolution of portfolios for LIRA, e-ORBIT,CVaR-LIRA, MVO, 1/n over an S&P 500 for increasing . «y increasing left to
right, top to bottom
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We also provide statistics of the portfolios across different risk appetites,

Table 4: Financial Statistics for v=0.1, 0.6

Algorithm | Portfolio Value | Sharpe | MDD

e-ORBIT 8.121 3.194 | 0.412
LIRA 8.091 3.193 0.413
MVO 4.013 2.923 0.331
cVaR-LIRA 3.912 2.69 0.312
1/N 9.912 3.211 | 0.551
Algorithm | Portfolio Value | Sharpe | MDD
e-ORBIT 15.131 3.356 | 0.342
LIRA 12.613 3.273 0.339
MVO 15.312 3.263 0.371
cVaR-LIRA 10.012 3.08 0.251
1/N 9.912 3.211 0.551

5 Proofs of Propositions

Theorem 9. (LIRA) There exists an efficient algorithm A that finds x* solving max,cpr min; %
i=1 Vil

measure R(z) = Va TSz

Proof. First we rewrite our optimization problem using expressions for RC;(x) (volatility to be our risk measure)
. RCj(x
max min ﬂ

zePR j U
> RCi(x)
i=1

As we will see in the next theorem, our objective is a quadratic form,

, for risk

(X2 s
= maxrninM

P
ePR j 1z X (P)

zj(Zx); =2 2Wg

where,

il k=g, [#i
E(i) _ Z;’l l= 1, k 7é 1
kol Ei,i i=k=1

0 0.W.

We show in the next theorem that this matrix has a negative eigenvalue and the quadratic form therefore in general
is not convex. Hence we need to convert our problem into a convex one. To this extent, we use the epigraph trick to
obtain,

. a:j(Ex)j U2
max min T Tyl <~ max v
e€PR j X NT — zePR x ' X

st u? < x;(27);

The first equivalence (1) uses the fact that, in an optimal solution (z*,u*) in the right hand side problem,

u*? = mjin r(¥x");
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Now rewriting the constraint in problem P; as a norm,

’LL2 ’LL2
< a < a
;1617)); AR —~ ;Ielp}l(? A
u
st /(w2 + (S2)? +42) < (a5 + (Sa);) s.t. z < 2+ (Sz);
(Xx) )

(P2)

Here, the second equivalence (2) reformulates our inequality as a conic constraint. We finally introduce a change of
variables on Py

1 T
<= max ——— <= minz Xz
ZTZZ \3,_/
1 1
s.t. Zj <zj+ (Xz); s.t. 2 < zj+ (2z);
(22);/ I, (22);/ ||,
17z=w 17z=w
r’z > Rw r'z > Rw
z2>0 z>0 (LIRA)

The third equivalence (3) introduces a change of variables, z = x/u. To see this equivalence in detail, consider a
feasible solution (x,u) for our second problem. Now, apply the following transformation:

x _ 1 -
——=Z -
U u
It is easy to see that
1 U
Z; <z +(¥2), <= x; <+ (Bx);
(22)i/ 1, (2x);/ |,
172=w 17z =1

Moreover,

T8 '3z
It is easily seen that, Z,@ is feasible for the third problem, more so with the same objective value. Conversely,
consider (z,w) feasible for the fourth problem, consider transformation,

z ~
==z
w

1 -

— =

w

Again, it follows very easily that Z, @ are feasible for the original problem with the same objective cost. Hence
these problems are equivalent. The fourth equivalence follows trivially, and our optimization problem is convex. All
of this shows that
P < LIRA

O

Corollary 10. Let rgge be return of an ERC portfolio, with X. If R < Tge, and x* is an optimal solution for LIRA,
then x* = x,,, where x,, is an ERC portfolio given X.

Proof. Trivially,
RC;(x)

ZRCi(x)

1
< =
n

If R < 7gc, xp is feasible for LIRA. Moreover,
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RC](I) _ 1

ZRQ‘(@") !

which completes the proof
O

Theorem 11. let . be an optimal solution to e-0RBIT with objective value O, x* be an optimal solution to ORBIT
with objective value ©*. Moreover, assume that,

e*Ta* <E[z"z], z~ Dir(l,...,1)

Then z, is a { 1+ /ZEii — X ZE;; approximation to ORBIT, i.e.
k ,J

O(z,) < a(Z, R)O(z™)

aX,R) =<1+ \/ﬁ— i Zzi_,jl
k 0,

where,

Proof. We first reformulate our problem using the epigraph trick as in theorem 1, min,_pr max; ; % as,
J
t2
min —
rzePR u2

st. 12> x;(Sx);
u® < wj(Sx);
(ORBIT)

Now notice that, the second constraint can be written as a conic constraint for formulating a convex problem,

u
u? < 2j(Xr); <= xj <z;+ (Xx);
(Xz);/ ||,

However, the first constraint poses problems as it can be potentially non-convex (exterior of a convex region). Here
we use a simple trick by adding a term to our constraint,

t2 > CCj(EZL’)j 7$TAI$
where, A = min; E_(X(®), E_(A) computes the smallest eigenvalue of A and ¥; is the matrix given by,

k=i, Ui

2
g _ )5 I=i ki
k,l R A
Ei,i i=k=1
0 0.W.

Here ¥ is such that, z;(Xz); = 27Xz, and our extra term , Az Iz ensures that our first constraint is convex.
This is because the RHS of the constraint is,

S OREPHE
Now the jth eigenvalues of (V) — AT are,

AP —x= A min E_(2W)y> 0

(4) i i i
A2 E_(5%)>ming E_(2W)

Making (" — X\I = 0, and our constraint positive. Now we can formulate an SOCP approximation to our original
problem as,
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t2 t2
<— min — <— min

z€PR  u2 ~ z€PR u?
st. 2> x;(Bx); — A Iz st 2>z’ (E(i) - )\I) x
u? < z;(Sw); u? < z;(Sw); (P)

Here equivalence (1) follows from the definition of £(). Now we have a non-convex objective, Z—i However, we can
resolve this via dividing the contraints in P by ¢,

2
< min % — min —
zePR U \'\2"/ v
T ,
st 12(%) (E“)—AI)(%) s.t. 1zzT(2@>—AI)z

w oz 2

tfz é 7](2?)] ’U2 S Zj(EZ)j
vw? < z(82);
17z=w
r'z> Rw (P2)

In 2, we use a similar idea as in the first theorem, we perform a change of variables to easily notice the forward

direction,

r _ u _ 1 -
Sz, -0, —ew

4 t U

Conversely for the reverse implication we have the following transformation,

v . 1 -z -
——u, —+—=t —=
w w w
The feasibility is preserved with the same objective value, implying the equivalence. Our objective is now convex,

however we can convert it to a second order conic program (SOCP), by introducing variable y in Py

<= min y = min Y
3
st 1>2" (E(i) )J)z st. 1> H(Z(z)_)\[)%ZH
2
v v
Zj <z + (32); Zj <z +(X2);
(2Z>] 2 (ZZ)J 2
yw yw
Zj < zj +(E2); Zj < zj + (E2);
(Zz)j 2 (EZ)J 2
1 1
~=y yl|| <z+v
v 1,
r'2> Rw r'z> Rw
17 z=w 17z=w

(e-ORBIT)

Here 3 follows by writing 1/v < y as a conic constraint. All of this implies,
P <= €-ORBIT

Since we added an extra term (—\z ' Iz) to the optimization problem, we must confirm the interpretability of our
problem, i.e. ensure that we actually measure max; ; 73&8
First constraint on P will necessarily pick max; z;(Xx); and set t? = max; z;(Xx);— Az " x since Az "z is independent

of the index, and the second constraint will necessarily pick, min; z;(Xx); and set u? = min; z;(3z);. If ¢* >
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max; z} (3z*); — Az*Tz*, for optimal z*, we can improve our objective value by decreasing the value of ¢t and hence
our mequahty must be tlght7 the same logic follows for u. This implies that our objective value becomes,

rr(Xx); — Mz

.IJ(ZQ?)J
where I, J are such that,
RCr(x)  max; RCi(x) Vi i
RC;(x)  min; RC;(z)’ )
RCi(x) RC;(x)
7 RC;x) - NTRC, (@)

Now we prove the approximation bounds on our solution x for e-ORBIT, consider a solution z* for min,c_pr max; ; %
J

Note that (z,u,t) ,/min; 25 (Xz*); \/max] z)5) — Az*T'z is a feasible candidate,

2. 1(Ba)r + Nz @
() 7 (Bs) 5

B Nz, 2.
=9 (1 " <x*>1<2x*>z)
< O(x")

O*:(

Here O(x ) is objective value of e-ORBIT for portfolio « and I, J as defined in the proof of theorem 1. Now call,

© = max; ; RC 287 O* = max; ; gg E"L g Now from the optimality of x.

O, (1—|—minmin| |x x) (1+ \)\|x L )
7 x 1'1 21'*)
B |)\|x Ty
=0, <1 + a7y 2TS (0.
|)\|1,*T *
1
< @@ )1+ (Bx*) 1
|)\| *T %
1 o <1
< T @ O DT AN
A
x*TEx
nl/\\
1
{ * mingcpr xTZx}

The last inequality follows since,

z' Nx = i::ci(ilx)Z
i=1
<n {miaxxi(Ea:)i)}

xS

n

=

< max z;(Xx);
K3
Now,

T
min yT vy _ 1 -
yTQy>0y ' Qy maxyTQy>0,|ylla=1Y Qy

It can easily be shown that, max,rgy>0,|y|.=1 y ' Qy is the size of the largest positive eigenvalue of Q. We first

write down the Lagrangian,

yll
L(z,p,v) =y Qy+puly Qy) —vy'y)
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VL(z,p,v) =21+ p)Qy —2vy =0
14

= = >0
Qy= 7 Ty ez
This implies, ﬁ must be an eigenvalue, moreover,
y Qy=1 A

Which implies that the objective value is the largest positive eigenvalue of (). This implies,
A n|A|
( +min E (X)) — + min,cpr 2 Xz

To finish our proof, we compute the eigenvalues of X, Vi.

[0 ... E; o0 ]
(7,)7 E; Ezn
E — 21 ZZ,’L 2
L0 ET 0

We now perform two operations on () — X\I, we fist swap the ith row with the last row and then ith column with
the last column (two swaps ensure that the determinant of our new matrix is the same as pOIEPY 4 ), to get M, where,

A0 0 =
0 0 Zta
M = : .
0 0 Zino
e ZES AP ¥

We can write —M as the following block matrix,

D U
—M = |:UT )\ — 211:|

Where D = M\ € R=Dx(=1) "and 4 € R"! such that,
B {Ei,j J#Fi
Uj = . .
Ei,n J =1

Now we can use Schur’s lemma to compute the determinant of —M given by,

det(—M) = det(D) (A —%;; —u' D™ ')
=A"P (A=, —u' D7)

1
=\t (A — % - )\uTu>

- 1 2
=\ A= il =0
i#i
Dii & ZE?J
\/ j
2 )

This computation also allows us to get rid of the assumption, A < 0, because | X;; — /ZZ?)j <0 = E(E(i)) <
J

0, Vi.
Hence putting everything together,
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and it is well known that,

Where,

This implies that,

which completes our proof.

Proof. First we restate problem P’

Zzi,i — X ZZiZ + X
\ % \ %

O

1

T
min z' Yx =
- -1
4,7
N 14+ A
14 As

n max; E Ei’i — i E EZJI max; E Ei’i — i
\/ k i,j \/ k
_ A,

It is easily seen that,

Zzgi — % >0
k
— max{ /ZE
k

n max; E ¥2 .- p 1
k o

IN

(2, R)

Corollary 12. Let x be an optimal solution to above problem P’ let x* be an optimal solution P.
Define € = 2\||x — x*||2, then we have that

min max z;(3z); < min maxz; (Xz*); +
zePR i z*ePR i

That s, the optimality gap is given by €.

min 7y

s.t. 7>H (2D — A3z H
2

r'z =R

1"TR=1

Then like in e-ORBIT, we see that an optimal x to P,

72 = (max:ci(Ea:ﬁ) +Ar'x

Then by optimality of x, we have that,
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maxzz(Zx) < maxx )i + A (2" T2 —2T'2)

= maxa} (S2"); + A (o3 - [l2]3)
= maxa; ()i + A (|le*ll2 = Ialla|) (lall2 + 2 2)
< max z (" >z-+A<||x—x l2) (llla + 12 2)

IN

max ; (S2%); + 22 ([lz — 27 2)
K3
where ¢ is the gap in the norm, 2|z — x*||

O

Discussing revised bounds: Through corollary 6, we claimed that we were able to improve our bounds on a. Our
new bound was stated to be,

max; ZE%J — Zi,i
< ) k ZL'*TSC*
« + ;
- 2 min,ecpr max; ;(Xx);
max; ZE%J — Ei,i
<{1+ - vlota
B 2 max { ITnZ:” ,max; z}(Xz'); — 62)\}

where x* is optimal solution to ORBIT, z is optimal solution to e-ORBIT and z’ is optimal solution to P’. Moreover, we
have a similar assumption on z*,z as on z”, 2/, i.e. ||[z* — x| < 2¢;. Here, 2” is optimal solution to P’. This follows
because,

T —a xj ([tl2 = tla ) el + a2
2l — ") = e
* T %

= x<x:r+e

This bound is potentially better since we don’t divide by the volatility. Dividing by volatility causes two problems,
it (1) provides a conservative lower bound (1/n) to max; Z”R% and (2) it provides a conservative lower bound to
=1 J

volatility. We combine both of these steps by simply using corollary 6, on problem P. So given that € is small, we
should be getting better bounds for «. This improvement however does rely on some knowledge of ||z — z*|| and is
not as general as the bound we derived in corollary 6.

Corollary 13. Let V be diagonal matriz of volatilities of ¥ and define ¥ to be

Ey=9V+(1-7)E
Then we have that,

%1_}1111 a4, R)=1
Moreover, 3y such that, Vy > v/,
(1-9)K
S,R)<XO(14+ ———————
I = ( T M
for K, L, M that depend on Y. This also characterizes the rate at which a(X, R) goes to 1.
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Proof. Because, v/|a| + |b] < +/|a| + /||, using this argument iteratively on (3, R),

nmax; Y |(54)igl Y (£
i

J#i

a2y, R) < |1+ 5

Now, since for distinct ¢, 7,

()i =g, (Bq)ig =1 =7)%,
3%, around ¥y =V (or equivalently around v = 1), such that,
Yii> (1 —7) ZZM’ Vi
J#i
Now, since ¥ diagonally dominant, we have that, (J5]),

_ 1
||271Hoo S

min; | X, — (1 — ’Y)Z ’Zz‘_,'l‘
#i
Now by definition,

n Z(EV);}
125 = max Y [(8)i)] 2 L

A
j=1

Putting everything together,

n max; Z [(X4)i; 2(251)131'

. . j#i i
< 1 J
et R < Jigy | 1 2
n?max; Y (Sy)ig |50
< lim |1+ i7i
~y—0 2
n?max; ¥ [(54);
<lim {1+ iz —0
~y—0
min; (Ev)id - E ‘(Zw)i,ﬂ
i

This also characterizes the rate at which our bound goes to 1, as v — 1
O

Corollary 14. (Prozimity to risk parity) If R < rgge, «* be an optimal solution to e-ORBIT and x, be a risk parity
solution and ~y chosen such that x, feasible for e-ORBIT, then

" T
max ZLCDi gy T T
i @ (Ex*); IR AD Y%
Proof. By assumption and optimality of z*,
zf(Zx); Ty T Tp
max —* TNy S 1A -
i @ (Ex*); min, (z}3z}) x, Ny

Now trivially,
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We now have our result,
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< nN| B2 — A (Optimal Rayleigh quotient value)
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Theorem 15. Assume that,

@L(a?L) - (1 — a)max;r; Zi,j Ei_)jl

- ¢(@~ ()

and that,

maxr; E E;l < wg
j 3] -
i?j

where OF and x, are spread metric and solution to LIRA. Moreover, assume r > 0. Then there exists an efficient
algorithm that finds x.,

@CVaR(x*) > GG)CV(LR(x*)

W \/ {L‘IE(E*> (1 . ‘SFK) @CVar(x*)

‘T ( CVaR(x.) We,
Where SR* is the optimal value of the Sharpe ratio* problem,

TTLL‘
max

z€PR /2 TYy

Proof. First we write down CVaR-LIRA,

max minRCYVR = max ©°Var(x)
zEPRY i zEPRY

(CVaR-LIRA)

We now consider the problem,

u2

max —————
C€EPR  WaT ' LT

st ou < M(Ex)i —rVa Xz, Vi

- l—«a
u? < zug, Vi

It is easily seen that the objective value of our problem for optimal x is given by
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9 ) T—a  Vyisg i CVar(z)
u? = min x;u; = =
i wa Ve Xz CVar(x) waVa T Xz

Now, assume 7; > 0. It is important to ensure that there exists an € P such that we have a positive objective
value. This is because of our constraint u? < z;u; that else becomes infeasible. From our assumptions,

RC; (1—a)max;r Y, B}
3 z, st OL(z) =min =2 > LI td
=i s re, @)
. RC, - (1 — a)max;m Zi’j ZZ_’; vi
i RCi P21 (a)) ’
N RC; S (I—a)r; 32, Ez‘_,jl Vj
Y RC T ¢(@7 @)
RC]' (1 - Oé)Tj .
—t ) Z B V
Yim1 RCi — p(@1(a))VaT2x J
RC]' (1 — oz)rjxj .
et ) Z B V
Yim1 RCi — p(@1(a))VaT2x J
(@ (o) (Bz); ,
>
— 1o Ve 70V
= minz;u; >0
Then this problem is equivalent to,
min wazTEz
q)—l
st ou < M(Zz)i —r; E%z’ , Vi
l-«a 2
U
Zj < 75+ (32);
(EZ)] 2
rlz > Rw
ez
(P)
Here we used change of variable,
x 1
— =z, ——w
U u

Now consider x*, an optimal solution to CVar-LIRA. By optimality of x, we have,

CVar(z) CVar(z*)

CVar CVar/, *
- 7 r)> —————-2-0 x
wo Ve Xz (@) = wo VT Xa* (@)

This implies that,
@CVar(x) > Way/ IEIEJS* ( CVar(x*) ) @CVar(x*)
— \ CVaR(z.) wa VT St
—_— ——
y

We now come up with a lower bound for -,
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Here, SR* is the optimal Sharpe ratio for r, 3. Putting all of this together we have,

e0Ver () > (wm) (1 — SR*) QOVar (5¥)

CVaR(z.) Wa
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